We define martingales on manifolds with time-dependent connection, extending in this way the theory of stochastic processes on manifolds with timechanging geometry initiated by Arnaudon et al. (C R Acad Sci Paris Ser I 346:773-778, 2008). We show that some, but not all, properties of martingales on manifolds with a fixed connection extend to this more general setting.
Thalmaier [1] introduced Brownian motion on a manifold with a time-dependent Riemannian metric. Thanks to the subsequent papers by Coulibaly-Pasquier [5] , Kuwada and Philipowski [11, 12] and Paeng [13] , Brownian motion in such a time-dependent framework is now well understood.
Stochastic analysis on manifolds, however, is not restricted to the study of Brownian motion. Another important topic is martingale theory, which in the case of a fixed connection is treated in depth in e.g. [6, 7, 9, 10] , but which has not yet been studied in the case of a time-dependent connection. The aim of the present paper was to fill this gap.
The results of this paper will be fundamental for various geometric applications in subsequent papers which include a study of the harmonic map heat flow on manifolds with time-dependent metric, stochastic representations of harmonic forms in a timedependent setting, as well as new entropy formulas for positive solutions to the heat equation under Ricci flow.
and G the solution to the GL d (R)-valued SDE
dG t = − d α,β=1 E αβ G t • dγ αβ t , G 0 = I,(2.
3)
where E αβ ∈ R d×d is the matrix whose (i, j)-entry is 1 if i = α and j = β, and 0 otherwise. Then
4)
Proof We first show that the process U defined by (2.4) is indeed (∇(t)) t≥0 -horizontal. Letting :
where θ g := d L −1 g (L g and R g denoting left resp. right multiplication with g). Since moreover by [9, Bemerkung 7.128 (ii)], R * g ω t = Ad(g −1 )ω t , we obtain
To show uniqueness, assume that U is another (∇(t)) t≥0 -horizontal lift of X with U 0 = U 0 . Then, U = U G with a GL d (R)-valued semimartingale G = (G t ) t≥0 starting at I . The above computation yields d L −1 G t (• dG t ) = 0 and hence dG t = 0, so that G t = I for all t ≥ 0. where U is an arbitrary (∇(t)) t≥0 -horizontal lift of X . (As in the case of a fixed connection, the result does not depend on the choice of the horizontal lift.) Definition 2.4 (cf. [9, Definition 7.136] for the case of a fixed connection) Let X be an M-valued semimartingale, U 0 an F 0 -measurable F(M)-valued random variable with π U 0 = X 0 , and U the unique (∇(t)) t≥0 -horizontal lift of X starting at U 0 . The R d -valued process
Remark 2.5 A (∇(t)) t≥0 -horizontal semimartingale U can be recovered from its (∇(t)) t≥0 -antidevelopment Z and its initial value U 0 as the solution to the SDE 6) where (H
where h
is the horizontal lift with respect to the connection ∇(t).
Proof To verify that U solves SDE (2.6), one has to show that
As in [9, Proof of Satz 7.137], this can be done as follows: first, note that for u ∈ F(M) and ξ ∈ T u F(M), we have
Together with the horizontality of U and (2.5), this implies that
as claimed.
Corollary 2.6 Let U be a (∇(t))
t≥0 -horizontal semimartingale, and X := π U . Then we have the following Itô formulas:
For all smooth functions f on
R + × F(M) we have d( f (t, U t )) = ∂ f ∂t (t, U t ) dt + d i=1 H ∇(t) i f (t, U t ) • dZ i t = ∂ f ∂t (t, U t ) dt + d i=1 H ∇(t) i f (t, U t ) dZ i t + 1 2 d i, j=1 H ∇(t) i H ∇(t) j f (t, U t ) d Z i , Z j t .
Remark 2.7 In the situation of Proposition 2.2 letZ t := t 0 ϑ(• dŨ s ) whereŨ is an arbitrary lift of X with the same initial condition. Then,
Proof Since π U t = πŨ t , we have
Remark 2.8 In a formal way, the second part of Corollary 2.6 can be written as
In the same manner, the Itô differential d ∇(t) X t of X is defined as
We shall discuss the significance of these differentials in Sect. 5.
Alternative Definition of Horizontality in the Riemannian Case
In this section, we assume that for each t ≥ 0, the connection ∇(t) is the Levi-Civita connection of a Riemannian metric g(t) depending smoothly on t (we call this the Riemannian case). In this situation, it seems natural to require that each U t takes values in the g(t)-orthonormal frames of M, i.e. U t ∈ O g(t) (M) for all t ≥ 0. To ensure this, one has to add a correction term to (2.1). 2) and G the solution to the
Proof We first show that the process U defined by (3.4) is indeed (g(t)) t≥0 -Riemannhorizontal. As in the proof of Proposition 2.2 we obtain
Uniqueness of U can be proved in the same way as in Proposition 2.2 .
where U is an arbitrary (g(t)) t≥0 -Riemann-horizontal lift of X .
Definition 3.4 Let
(M)-valued random variable with π U 0 = X 0 , and U the unique (g(t)) t≥0 -Riemannhorizontal lift of X starting at U 0 . The R d -valued process
is called the (g(t)) t≥0 -Riemann-antidevelopment of X (or U ) with initial frame U 0 .
Remark 3.5 A (g(t)
) t≥0 -Riemann-horizontal process U can be recovered from its (g(t)) t≥0 -antidevelopment X and its initial value U 0 as the solution to the SDE
where
are the canonical vertical vector fields defined as
(I denoting the identity matrix).
Proof Noting that ω t (V αβ ) = E αβ (by the definition of ω t ), this can be proved in the same way as Remark 2.5.
Corollary 3.6 Let U be a (g(t)) t≥0 -Riemann-horizontal semimartingale, and X := π U . Then we have the following Itô formulas:

For all smooth functions f on
R + × F(M) we have d ( f (t, U t )) = ∂ f ∂t (t, U t ) dt + d i=1 H ∇(t) i f (t, U t ) • dZ i t − 1 2 d α,β=1 ∂g ∂t t, U t e α , U t e β V αβ f (t, U t ) dt = ∂ f ∂t (t, U t ) dt + d i=1 H ∇(t) i f (t, U t ) dZ i t + 1 2 d i, j=1 H ∇(t) i H ∇(t) j f (t, U t ) d Z i , Z j t − 1 2 d α,β=1 ∂g ∂t t, U t e α , U t e β V αβ f (t, U t ) dt. (3.5)
Hess
Proof We have to show that U t e i , U t e j g(t) is constant for all i, j ∈ {1, . . . , d}. To do so, we fix i, j ∈ {1, . . . , d} and apply Itô's formula (3.5) to the function f (t, u) :
Since f is constant along horizontal curves in F(M), we have 
Moreover, in this case, the process γ defined in (2.2) resp. (3.2) and therefore also the process G defined in (2.3) resp. (3.3) is of finite variation, so that the Stratonovich differential appearing in (2.7) resp. (3.6) may be replaced by an Itô differential.
Remark 3.10
For the Stratonovich differential dX t , resp. Itô differential d ∇(t) X t of X , as introduced in Remark 2.8, one observes that
, and
This follows directly from Remark 3.8 or from a comparison of Corollaries 2.6 and 3.6.
Quadratic Variation and Integration of 1-Forms Proposition 4.1 Let X be an M-valued semimartingale, U a (∇(t)) t≥0 -horizontal or (g(t)) t≥0 -Riemann-horizontal lift of X , and Z
Proof By [9, Lemma 7.56 (iv)] there exist ∈ N, real-valued adapted processes (B μν ) μ,ν=1 and functions
Since by Itô's formula (Corollary 2.6 resp. Corollary 3.6)
the claim follows.
, we obtain the following two corollaries:
Corollary 4.2 For all smooth functions f on
R + × M we have d ( f (t, X t )) = ∂ f ∂t (t, X t ) dt + d i=1 (U t e i ) f (t, X t ) dZ i t + 1 2 Hess ∇(t) f (dX t , dX t ). (4.1)
Corollary 4.3 (Riemannian quadratic variation)
In the Riemannian case,
Remark 4.4 For a smooth function f on M (independent of time), using that
or more generally, replacing d f by a general 1-form α ∈ (T * M) we obtain 
where i jk (t, · ) are the Christoffel symbols with respect of ∇(t).
Proposition 4.5 Let X be an M-valued semimartingale, U a (∇(t)) t≥0 -horizontal or (g(t)) t≥0 -Riemann-horizontal lift of X , and Z t := t 0 ϑ( • dU s ) the corresponding (∇(t)) t≥0 -antidevelopment resp. (g(t)) t≥0 -Riemann-antidevelopment. Then for every adapted T * M-valued process above X (i.e. t ∈ T
Proof By [9, Lemma 7.56 (v)], there exist ∈ N, real-valued adapted processes 1 , . . . , and functions
Since by Itô's formula (Corollary 2.6 resp. Corollary 3.6) .2), we obtain the analogous formula for the Itô integral:
See Émery [6, Chapter VII] for the general framework.
By choosing s = α(X s ) for α ∈ (T * M), we have the following corollary: 
Corollary 4.7 (Itô and Stratonovich integration of 1-forms along a semimartingale) Let X be an M-valued semimartingale, U a ∇(t)-horizontal lift and Z the ∇(t)-antidevelopment of X , resp. U Riem a g(t)-Riemann-horizontal lift and Z Riem the corresponding g(t)-antidevelopment of X . Then for each α ∈ (T * M) the following formulas hold:
t 0 α(• dX s ) = d i=1 t 0 α(X s )(U s e i ) • dZ i s = d i=1 t 0 α (X s ) U Riem s e i • d Z Riem i s t 0 α(d ∇(s) X s ) = d i=1 t 0 α(X s )(U s e i ) dZ i s = d i=1 t 0 α (X s ) U
The (∇(t)) t≥0 -antidevelopment of X is an R d -valued local martingale.
For any smooth f
is a real-valued local martingale. 
For any α ∈ (T * M) the process
This is a local martingale for all f ∈ C ∞ (M) if and only if Z is an R d -valued local martingale. The equivalence with the third item is clear from Corollary 4.7.
Proposition 5.3 (Local expression) A semimartingale X is a (∇(t)) t≥0 -martingale if and only if in local coordinates
up to the differential of a local martingale.
Proof This can be proved in the same way as in the case of a fixed connection (see e.g. [7, Proposition 3.7] ), or derived directly from the representation (4.5) in local coordinates.
Example 5.4
Let M = R equipped with the standard metric g 0 , and let u be a strictly positive smooth function on R + × R. Define the metric g(t, ·) by g(t, x) = u(t, x)g 0 (x), and let ∇(t) be its Levi-Civita connection. Let b and σ be smooth functions on R + × R, and X the solution to the SDE
where W is a standard one-dimensional Brownian motion. Then, X is a (∇(t)) t≥0 -martingale if and only if
on {(t, X t ) | t ≥ 0} (the prime denotes differentiation with respect to x).
Proof Taking into account that the unique Christoffel symbol of ∇(t) equals u /(2u), the claim follows immediately from Proposition 5.3. 
Convergence of Martingales
Local Convergence
Since Hess ∇(s) ϕ i ≥ 0 on U , the process A is eventually non-decreasing and in particular bounded from below on 0 . Since ϕ i | U is bounded, it follows that the local martingale M i is bounded from above and hence convergent on 0 (because it is a time-changed Brownian motion). This implies that the process A i is bounded and hence convergent on 0 (since it is eventually non-decreasing). Consequently, the process ϕ i (X ) converges on 0 , and, since ϕ| U is a diffeomorphism onto its image, so does the process X .
Darling-Zheng
An important result of martingale theory in the case of a fixed connection is the convergence theorem of Darling and Zheng (see e.g. [9, Satz 7.190 ]): let X be an Mvalued martingale with respect to a fixed connection ∇, and g 0 an arbitrary Riemannian metric on M. Then
whereM is the Alexandrov compactification of M. In the case of a time-dependent connection, at least the second inclusion does not hold. To see this, consider the following example:
Example 6.3 In the situation of Example 5.4 take u(t, x) = exp(a(t)x), σ (t, x) = σ (t) and b(t, x) = − 1 4 a(t)σ 2 (t) with smooth functions a, σ : R + → R. Then, X is a (∇(t) ) t≥0 -martingale, and
but the function a (being arbitrary) can be chosen in such a way that X does not converge inR.
In the Riemannian case, one might hope that the second inclusion of (6.1) holds if we replace the arbitrary fixed metric g 0 with the given metrics (g(s) ) s≥0 , i.e. that
This, however, turns out to be wrong as well:
Example 6.4 In the situation of Example 5.4 take u(t, x) = u(t), σ (t, x) ≡ 1 and b(t, x) ≡ 0. Then X is a (∇(t)) t≥0 -martingale, and 
The same remark applies to formula (8.4) which then reads as
Recall that in this formula, A t = U 0 W t is a Euclidean Brownian motion in T X 0 M.
Remark 8.5
In terms of Itô differentials (see Remark 3.10 above)
Derivative Processes, Martingales on the Tangent Bundle and Applications to the Non-linear Heat Equation
In this section, we assume for simplicity that the connections ∇(t) are torsion-free. Let ∇ (t) the complete and ∇ h (t) the horizontal lift of ∇(t) to the tangent bundle T M.
In the same way as in [4] , one can obtain the following results. 
Remark 9.4 In the Riemannian case, the condition d(//
= 0 in Theorem 9.2 can also be expressed using the Riemann-parallel transport // Riem 0,t ; using Remark 3.9 one obtains that it is equivalent to
Similarly, the equation defining the damped parallel transport is equivalent to We fix x ∈ M, let (X t ) 0≤t≤T 2 −T 1 be an M-valued (g(T 2 − t)) 0≤t≤T 2 −T 1 -Brownian motion starting at x, and definẽ The claim now follows from letting s → ∞.
Remark 9.9 More refined representation formulas and Liouville theorems for the nonlinear heat equation in the spirit of [17] can be found in our recent preprint [8] .
